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EM ITTANCE GROWTH IN lNTENSE BEAMS”

T. P. Wbngler, R. S Mills, nnd K. R. Crandall,t MS H817
Los Alamos Xational Laboratory, Los Alamos, N?d 87545 IJSA

Abstract

Recent prog_ress in tie study of high -c~[rent, low-
emithnce, charged-particle beams may have a significant
influence in the desi~ of future linear accelerators and
beam. transport systems for higher brightness applica
tions. Three space-char e-induced rrns-emittance. rnwth

‘1 fmechanisms are now we 1 established: (a) charge. enslty
redistribution. (b) kinetic-energy exchange tnw~rd
equip artitioning, and (c) coherent instabilities driven by
periodic focusing syswrns. we report the re5Ul LS from a
numerical simulation study ofemittance in a high current
radio-frequency quadruple (RFQJ linear accelerator, and
present a new semiempirical equation for tie obsened

‘mitunce T
owch, which a~e.es well with the emitmnce

growth pre ]cted from numerical simulation codes

Introduction

The problem of obtaining high. current beams with IIJW
output -emittan, ce is a challenging one for accelerator
design. To so!ve this problem, we need ta understand the
limits on maximum beam current, and minimum
emittance. The current is limited by the focusing
available to confine a space-charge defocused beam with
finite emittance to within a given radial aperture a.
Current-limit formulas have been derived for both
continuous beams in periodic transport lines] and bunched
beamsin linecsz’ using a uniform charge-density model ta
calculate the s ace-charge force.

\
Numerical simulation

results using L e computer code PA R.M’IXQ have been

;:g:,:f;:R;#::c:y cement with the current.limit

A rleterioratir~n of the beam quality for nonstationary
initial beams as a result ofrrnsemittance g-mwth has been
observed both in numerical simulation studies and in
experimental measuremen~.’ This growth can occur even
when Liouville’s theorem is satisfied and the LrUC phase-
spacv volume of the beam remains invariailt f A small
emittance is desired not onl to avoid a reduction in the

Ybeam-current limit, but a so for operational reasons
becnuse of the desirability of reducirg betm halo and
pnrticle loss. Furthermore, some applications ~lace severe
requiremen~ on focusingthe output beam, which can only
bc nchieved by providing a very low’ emittance beam.
Cntil recently, sprite-chnrge-induced emittance gmwt.h in
rf Iinacs could be calculated only by com uter simulation,

fand no analytic predictions were avnl nble tx) serve as
~idance for high. curren~low-emitta nce Iinac design,
even for the ideal case of perfectly ali ned beams with no

fno:ilinearexternal Iieldsanrl no image orces.

Space. Char Me.lnducecl Itmittance Growth
In RF IJnncs and Hcam.Transport Systems

A new understnndinfl ~f the relationship hctwepn rms
emittanct and spnce rhnr~~ field energy has led tn sorer
useful flpproximstte equtstions for emittnnce growth, The
initia! suggestion for such n relationship was matic6 to
explnin numericnl simulrilion

~undlu~lr trnns{ort. F r

results f~.]r periodic
I) R rnul)rj continurjul benm in a

~inear ocuslng c nnnel, a diflerentinl equation rcln tin
the tinie rhte of chnn Ke of the Ims emittnnrc and II?I !!
ener~ wa~deri-ied for an arbitrary distrlbutionrss

11/? X~K d!’
—. _ --- . ..-2 (1)
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where the 4-ns emittance E is defined in terms of the
second T lmen~ of displacement x and divergence x as

‘2)’?. The quantiy K is the generalizedE=4(>;2 -11

perveanre defined as K = eL{2nc~c3 ~yt, and X = 2v@
fthe beam radius of an equivalent uni orrn beam (a unlfotm

beam, with the snme current and same second momenls
—

—2 --)
,and Ir as the real beam). The dimensionless

q;afl;it~ U. is called the nonlinear field energ-y,

~el~ energies of the real beam and of the equivalent
ro ortlonal ta che difference between the space .charge

uniform beam. The noniinear field energy is found tn he
independent of beam current and r-cm beam size and
depends only on the shape of the charge density in real
space The U. minimum is zero (for uniform charge
density), and it increases as the charge density becom~s
more nonuniform. Thus, Un is a measure of the
nonuniformity of the char e density and furthermore is

Ytie field energy that isaval able foremittance growth.
A generalized ttirm of Eq. (1) for a bunched beam was

derived by Hofmann BY and can & written for three

degrees of freedom x, y, and z(wi Lh linear focusing in etich
planel as

, *2
, dE2 , d}:2

-32
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I (2)
.—. =-J +=
; d( ldl II dt –

Y
mc3p3\ lJV C1(

where N is the number of particles in the bunch, and W
and Wu are the space .charge field energies of the real
beam and of the e uiva!ent uniform beam. Equation (2)
:;n~e , (1)1 can e inte

1 ‘r
ated for the case of an rms-

opace-charge. ominated beam with linear
continuous focusin (smooth approximation for periodic

[focusing) because t e rms beam sizes are approximately

ernittancecan~ derived for both bunched and continuous
constant, inde endenl of emittance. Equations for 4.rms

nonstationary beams.l” The re:ult for an axi~lly
symmetric bunched beam in the transverse plnne cnn be
written

and for the longitudinal plane the result is

where the suhscrip~ i and frefer to the initial and finnl
states of the henm, n and b are the rms henm S17,CS In x
and z, and GK(b/a) nnd Gl,(b/n) are hunch Kcornrtry
factors equnl to unity for FI spherical bunch, “~hcsr, fnrb, rs

‘re fven a?~
roxirrately a~ G~(r) = [9(1 ~,~r)~ + ~]

[(3r ),2#]1’/ and (1,,(r) = !9(1 . l’3r)~ t 2]r1 “/6, wh,rr
I = b/a, The unntities OOXand fJ(jr are zero-current ph:lsp

11advances of t e transverse and Ion ltudinnl uscillutil)ns
per focusing period L, Thequantity~), cnlledthcpnrti~in
pnra~lrter, isrlcfined nS 1, ;2 , ~ mnd is u nr)t]rrllltiv.

intic mearsure of the kinetic.energy ag remet, ry in thr r~sl
tframe ofthe bunch, II nnalo y with t ect]ntin~lo~]st)l’:1[11,

we have defined a ~unche~-bearn perveancr in tcrrns

“f ,’thc#’
umhcr of particles N pei bunch as K I =

•2~,20 !jllr,)mr~p)yl, For a bunched b?nrn with (rilrrvnt [
(avern e overonc rfcycledurin~ the hcam pulw) in nlinnc

!with r wavrlcngth A, N is ppven hy N = l\ PI’ Two
mechaniwno contribute U) the emittnnrr ~r{)wth III
Eqs, (3tI) and (3h): (1) kinetic eneruy vxt,hnngl, tw~w(ll,n



the Ion ‘tudinal and transveme planes, which is zero only
when ~d oes not change, and (2) charge rechstribution,
which is rmro only when Un does not change and

Comesr “ “
nds ti an exchange between field energy and

parttc e klnettc energy as the charge density in real space
evolves. It is inwresting that Eqs. (3a) and (3b) can also be
derived from energy conservation in the rest frame for a
space-charge-dominated beam.

AlthougF the ~nitlal value” fthe p~r?mp’~rs P and 1.’,
sue known in principle for a given initial state of the beam,
we have no theory available W, allow a determination of
the time dependence for P and Un. However, numerical
simulation studies have shown that for highly spacc -
CLeirge-dominated beams in linear focusing charnels, the
charge density approaches a nearly uniform distribution
(L’nf = O) and the beam wnds to an equipartitioned sta~e
(P~ = 1). The time scales for these mechanisms are
di erent; charge redistribution i! very fast and ctin occur
within about a plasma period, ) whereas the slower
kineticenergy exchan e
tens of plasma perio#s,g~[WY~Ja#n5k~JY%~ $~r~;
density may be explained as a Lendency for charge
i’edistribution ta shield the interior of the beam from the
linear external force, in analo

P
with a cold p!asma. This

generaily resuiLs in a mak erl charg?-densi Ly pr,~l~ie
consistin~ ofa uniform cent)al cor+ with a De bye sheath at
the beam edge, whose thickness is $ven by the Debye
length and which becomes zero in the extreme space-
char~e (cold-beam) limit, resulting in a uniform char e

Ydensity. Why a beam, whose interactions predomin~te y
occur through collective fields rather than collisions,
should equipartition is not et clear. Nevertheless, these

{assure tions about the tins stat~ of the ‘~eam can provide
~s wit! a model for predicting final ●mittsrnce growth.
Numerical simulation resulu in continuous linear
focusing chunnels for bunched beams are in good
agree rr.ent with Eqs. (3a) and (3 b),913 and for continuous
beams with corresponding emittance growth equ~tions.:

The emittance growth formulas presenkd abov~ have
been derived for continuous linear focusing. It is of great
interest m determine whether the equations do represent
a good smooth approximation to emittance ~owth for
periodic focusing, such as is used in renl llnacs. In
addition, an initially uniform charge density in real space
(Ln, = O) eliminates emittance gro$vth from chnrge
redistribution in continuous focusing systems, ant! it is
im ortant to determine whether this conclusion is also

Fva id for periodic systems,
In fa-t, the published numerical studies do appear tn

support the conclusion that initially uniform beams in
qusidrupole periodic channels give approximat-?ly no
emittance growth,14 ‘5 at least for o,), ~, 60° m 80°. In
addition, for UOX ~ 60”, the emittance-~owth formulas for

charge redistribu-tion Mlso seem b represent a very ~ood
approximation, sld For o“” z 90°, sipificnnt devlnLlons
are obserwed from the formulas, and additional emittstnce
growth is observed for both initi~lly uniform and
nonunifom beams. a” These resul~ appear conais~nt
with the interpretation that for certain canes such as
croI~900 in periodic channels, nnothermechan ismbecomcs

important namely coherent instabilities driven by the
periodic structure, which have been studied in deLail for
the Kpachinski i-Vladimirski (K. V)distribution,14

Experimental support fo- the validity of the char e
$icredistribution equation fur emitmnce growth in perl

quadruple b~am. transport systems cnn be seen in L})?
ublished reaul~ uf the Gesellschaft fur Schwerioncn -

~omchung (GSI) ex~eriment with an initistl qustsi
Gauoaian benm,l”’an the I.awrance Berkeley Laborritmry
(LBL) ex ?rlment with an initial qua~i.uniform charge
denaity,l ? The ex riment.ally measured emittance-

rgrcwtb data from t e two txperimenm at low phese.
advance (high spnce. chnrge) valueq are signiflcstntly
different from each other, and both rtre ~1) at le~st
qunl[tatlvc agreement with the prediction of the
amittance-growth equution

Study of Emlttance Growth in a
High-Current RFQ Linac

We have conducted a stud of emittance

d T
owth in the

RFQISZO for a 353-MHz RF linac, which unches and

accelerates an initial 100-keV H+ dc beam to 3 MeV in
2.r22mcel$oof#n h P,L)2. The synchronous phase is ramped

o r- 5° and the longitudinal- and transverse-
current limits, calculated at the end of the gentle
:~diabatic) buncljer ecti[.n ~re 175 mA. The ~ero current
phase advance OOXranges from an initial value of34” to a
minimum value of 30” at the end of the gentle buncher,
which implies that coherent instabilities are not expected
tn play a significant role. Numerical simulation studies
were conducted with the code PA RMTEQJ(’ using 3600
particles per run. The design results in high transmission;
t-he transmission value exceeds 90% at 100 mA and
exceeds 82% for curren~ as large as 165 rnA. Figure 1

0 I , I 1 1 I 1 1 J
to m u So 100 IM 1.40 mo It

l(m A)

Fig 1 Trmmmimion snd trnnsverge +rms normalized final
tmil~nce vernun inpul current i% I.WO difTerent input emltlnnce~
from numerlcnl slmullirm sludla~ oftn }1 “ RFQ dawribed in lhe text
Smooth .urvw are drawn fhrou~h the mir,tn

shows the tranamisaion ssnd final &ansveme 4.rms
nomalized ●mittance (defined aa c = EPY) for the
Ut nsmitted beam (nveraged over x and y) versus initial
ha un cumnt for two different input emittancea. Wc used
an initial 4.D Waterbag distribution in transverse qpace
(uniform filling of a 4-D hyperellipsoic! volume) and a
uniform filling in lon~”tudinnl position with zero energy
spread. At ~ro beam curr?. nt, mere ia almost no growth of
emittnnce, consistent with the hypothesi.q th~t the
observed growth at nonzero beam currenb i~ caused by
epace.charEr, forces. For both input emittances, the finnl
emittance rl~es with current b a peak near 30 to 50m A.
We see thn~ the ~mittrince growth is not B simple
monobnic furctior. of beam c’]rrent, and is rather
insensitive ~ berm current between about 20”1- nnd 90’.ruf
t}~e ralculatcd .~l]rrent limit, Most of the ?llrtiC[t iosses
apoear to reoult frmn Ion@tudinnl eflec~; Lhu$, the
behavior o: th~ translniasion ia nently the same for b~lth
input emit~nccs, nnd we be!ieve that partitlv.luw effrcts
are adequatp tn exFlain the emittance :urvc90fFi~ I

[n Fig, 2, We show the trnnuverse 4-rmx norrl]tili~vd
●mittancc ver-nua cell number for input current 55 mA,
input e~mittnnce 0,020 11.cm’mrud, and on initial ‘~n Lrr
bnq trntlsvctse *iatribution, Figure 2 shows thnt thr
emlltuncv rllwth O~CUN pre~,}rninnteiy betwern {,IIIIs 20

[’nnd 120, w Ile the benm isheinghuncheri, Alw) in Fi~2,
. ..-

we show the Iunhiturllnml rrns hnl~.l@n ELh z \’/2,.* I
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Fig 2 rran~verw 4.rm~ normalized rm:!!.+nce and rm< hdf bunch

l~n~.h versus c,I1 numkr [rem a numerlca( ~lmu’ellnrl .::.,1. a~ I
5S ~ ,nd ,npu[ ,n,, I[an,c ,n = u ()~ ,,.cm. mrad f,,, ~n II RFQ

dewri’b.d In Lhe tex L

as defined in the bunch rest frame, vemus cell number.

The comparison of the curves. including the osciilat]ons,
suggests a strong correlation between the longitudinal
compression of th~ beam during bunching and the growth
of transverse emitta. rice. To further support this
inter premtion, we show in Fig, 3 the minimum vaiue (If
Zrrn? versus beam current for seven different runs with the
inlt)ul Waterbag Lransversc distribution and an input
emit~nce of 0.02 n.crn. mrad. For all cases, the bunch
length minimum occurs where the transverse emittancc is
growing. For comparison, we show, ag~in in Fig. 3, the
corresponding final emittance cutwe. We see that the
minimum in the bunch.length curve occurs very near the
maximum in the final transveme-emi ttance curve, In
Figs. 2 and 3, we have obserwed that significant emit~nce
growth occum while bunching the beam, with ama
that is related ta the inverse of the bunch len@. R;::
alac su ges~ that the lorlgi Ludinal space -char~e forces are

k“” Lmore e ectlve In op os]ng *he ~.xternal bunching forces at
higher currenb (a ve 60 mA), and transverse space.
charge forces within the bunch at 1OO-MA currents may
uctually be reduced compared tn those at lower currenm,
resulting in !ess growth oftransveme emittance

L 1
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0 lla

“.~.Au._L.LLJ----Jml
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CELL NMR

FIfl 3 Tranoverss Arms normal ir.ed final emil~nce and minimum

vtluc ofrmn bunch len@h wi~hin lhe RFQ versurn Inpui curr~nt from

numerical ~lmulntlon ~tudlp~ ofun }1 !4FCjde~rlkd In th~ text

Figure 4 shows final transverse 4.rms normalized
emittance for the trnnsmitteci beam uemus input
●mitknce for a 110-mA initi~l current and three dlffer?nt
initial transverse distributions: (1) Gausa~nn (truncated
in three stnndard deviations) in both Pmitioll and velocity
space, (z) 4.D Vraterbmg (parabolic char e densit in
position ~lld vcloci Ly ~ rice), and (3)

f
lV ~uni~orrn

pupl]!ation on the nur ace of n 4-D hy~erellipwid,
rrsulting in uniform char~e rienaitieo In all 2.[)

~F’& because ofthe longitudinal fields, which are present

ro”ccti(lne). The K V distribution is not stationary In the

even at the input, Fi~ure 4 IIIOWS thnt the Ilnaltransverw
cmlttancr is ne~rly the nnmc forthc three dlfTercntinitinl
dintrihutl[)ns, Furthrr exllmlnntiort shows that charfle
rediolrihutlon occurs very rnpidly ufler the dc bcamsen~r

000/ , , 1
090 032 004 am Ooe 010

I
c. (lmn-rmad)

Flu ‘1 Transverw 4.rms n~rmalized final emlttnnce versus

transver~e 4rms normnllzed Input emltknce frfim ntimerlcal

u~mulatlon studlcs of an H - RFQ descrilwd in the text Results ure

show,~ for Initial Gausq!an, Waterbag, and K V diglribulions The 45”

Ilne ~hown would corres~nd to no ~ow:h of ●mlttnnce The curve

through lhc points IS from the semi empirical qua:lon (Eq 4)

the FWQ, resulting iri a nonuniform transveme density
distribution (hollow at some locations) tint ia nearly the
same for tbe three different initial distributions. This
charge redis~ibution resulb in ti arnall. rapid emittance
change that is Inrgect for the initial Gausaian beam.
However, ahr the emitbwzce ~owth during the bunching,
these small differences in charge distribution and
transveme emittance appear ta nearly vanish. In the
abaence of emittance

Y
owth, ths results would lie along

the 45” line shown in lg. 4. Ins@ad, the results show a
lower limit on final enuttnnce us the initial emittance
decreaaea to zero, a phenomenon th~t waa first re rted in
numerical atudiea of apace-charge effec’~ in IFrift-tube
I]nacs’i The fitted curve shown in Fig, 4 is from the
aemiempirical equation that will be discussed in the next
rkectiun.

We now summarize the main features obsemecl in our
numerical study of RF’Q transverse emittance for e typical
Ima Alnmos design: (1) the ernittance growth obsetwed in
the PAR?4T’EQ numerical simulations ia predominant]
caused by space-char e forces, (2) most of the ~owt 1
occum in the initial %unching section and ia a strong
function of the longitudinal beanz size, (3) the grnwth is
insensitive h beam current for currents in excess of about
15-20% of the current iimit (an etTect for which buncbing
may be responsil~le), (4) the growth is insensitive to the
initial traneverae distribution of the beam, and (5) the
final emittnnce a preaches a lower limit os the initinl

Remitmnce appmac es zaro,

Eimittance-Growth Model P’or An RF’(J Iinnc

The emittance growth in the RF occurs, while mtiny
7parameters (ener~, acceleretinfl fie d, anrl s nrhronous

phase) are chan~ng, undrr the influ~nce of n)nlin~,nr
exwrnal forces, especially in Ionqitudinrzl space, while thv
benm is~hanging from continuous to bunchcrl, nnd whrrr
particle louses can affect the reaul~, Nevcrthcl~ts, we Iire

‘f ‘F’l ‘Y;odel a IcI R semirmpirinl

encrmrn~?d M be in our search for a better qunn!itl~tlve
description veme.emitt.nnre Kr!)wth bY
attempting tn deve np
equntlonbnsedun~ ,3(a),

1’We pr)stulntc t nt the geometry fnru)r C\(b II) (whirb
increaseu with incrcn.wd bunch in~, or wnnllvr b~II IN n



function of the ratio Vl, where I is the curlent and ~ is the
current limit, To account for the,insenaitivity ofemittance
growth to beam current for a gIv n design. we postulate

fthat GJb/a)I*z is independent of L . We propose tnis as an
approximation, valid for 0,2 c ti 50.9. L!”(, and the
ma~itude of Gx(b,’a) are funcfions only of the detailed
dewgn procedure. Using these assumptions, Eq, 33 can be
writter, for the 4-r7ns normalized emittance as

(4)

where ~ is the (electrical) current limit in amperes [for Los
Alarnos RFQ designs. ~ represents equal limits fclr buth the
longitudinal and transverse planes), OOX in radians is the
xero-current phase advance per Pk at injection (allerradial
matching), A is the rf wavelen~h in centimeter, q is the
charge sLste, und A is the mass number in awmic mass
units

The snmoth approximation formula? gives O,,X =
(q!A)(eV~mcz)(.k’rn)~’W, where V is the intenane voltage
and r. is the avera e radius parsuneter at the input tafter
radial matching). %he coefficients a, and ao nre expected
to depend on the design procedure. and in paFticularonthe
Ion “~~dinal bunching and on particle losses.

r n Fig. 4, Eq, (4) is shown with values al = 0.95 and

a2 = 1.6 X 1010’6 mre+d?/(Namu)4:’, which corresponds
cm.mrad units for the 4-rms normalized emittance. These
choices result in a good fit m the numerical simulation
resulw and also closely represent the results for a variety

cfothg recent designs using the latest Loa Alamos design
procedures.

The second term in Eq, (4) de ends on AZ, and this
rstrong dependence is mcrdlfied on y slightly in the Los

Alamos desi~
c!’

rocedure when IYOX(which also depends
on k) is Iimlte by the Kilpatrick electric-breakdown
criterion .:’~ As part of an overall test of the scaling with
respect to these parameters, we have com ared the

?predicting of Eq. (4) with the results of ARMTEQ
numerical studieg using 360 particles per run of RFQ
designs done sever~l years ago f~r h?avy. ion fusion
appllcnti~ns. z3

In Fig. 5, we show the final d.nns, normalized
mittnnce versus frequency for ‘“Se “ ‘ and
Ins, all with injection energy 0.4 MeV and

+

+
+:

+ WMmo 1“M”
● EWATIOII

f(MHd

Flu !I ‘l”rnn~~rrw $ rm, ,wrmnlimd flrml ?mittnnr~ v~rwh rf

frqurnrv from l’ftl{wwq ,I,lmrrlrul ~ilnulnti,m nludio~ IJf IWQ
dI1. IUII~ rljr “’\II’ ,11111:1,, 1 Thp rmml!. of !ho PAI{WIW

final ●nergy 4.0 MeV. The 4-rms, normalized input
emittance was 0.0132 n“cm.mrad for all designs and the
input current was set equal to one-half the calculated-
current limit. The cument limits varied from 20 mA ta
2A, wiLh the hi best current Iimi

i
$sO:t the lowest

frequencies. The P RMTEQ results for Ne are shown in
Fig. 5 and compared with the re3ulta of Eq. (4), using
numerical values al = 0,75 and az = 3.2 x 10”
m.md- (}~amu)’”. T!lese val~es nf al and az rmult in a

8“
ood a~eement with a large variety of Loa Alarnos
esigns for the procedures used several years ago. For the

Zuxe results in Fig, 5, E , (4) compares closely with
numerical calculauons of ~e emittance g-rowth over a
range of two orders of magnitude in emittance, as the
frequency varies by one order of magnitude, and the
current-limit values (not shown) vary by nearly two orders
of magnitude, Then the same ● uation “ves a close

% “ fig. 5. Otherprediction for the ‘3HL”results, also 9 own In
simulation studies have been reads ta test the current-
Iimit dependence of Eq. (4) nt fixed values of 1 and q A
and to confirm the prediction of Eq, (4) that the final
emittance has no explicit dependence on ~ (but does
depend on ~ through the current limit ~).

\
Discussion

These results lead us tn propose the following
descri tion of the dynamics and subsequent emittance

R“growt In a high-current RFQ linac. The initial charge
redistribution of the injected dc beam resulk in a rapid
and relatively small exchan e of field ener y and

Y itransverse kinetic energy, and cads to a charge enslty,
which is nearly inde endent of the injected distribution.

1Following this, the a Iabatic bunchin of the beam results
~ forces, which isin work done by the Iongitudina

converted into a direct increase in space-char e field
●ner

F
and longitudinal kinetic ener

the unch, Ff
in the rest rameof

At each step as the earn becomes more
com ressed, the space-charge forces become larger and the

/fiel energy is rapidl converted to kinetic ener in both

‘Y
~ chargethe. trcnsvwse and on .tudinal planes throug

redlstmbution. On a s ower time scale, kinetic-energy
exchange ca,n occur either from longitudinal to transverse

E
lanes, which mi ht be characteristic of a strongly

Funched beum, or rom the transveme to the longitudinal
pla~e, when the bunching is weaker, Kinetic-energ-j
exchange and charge redistribution can continue, erha s

![to a lesser degree, after the bunching is complete as t e
ener

r
and other parameters slowly than e,

f
The

resu ting emit:ance ~wth depends sensitive y on the
bunchin process, but IS nearly independent of the injected

tcharge ●nsity. This last result is of great importance
because it implies that the detailed distribution uf Lhe
injected beam inti rin RFQ is not an important
requirement for u high-brightness accelerator application,

In opim of the probable complexity suggested by this

r
icture, we have adapted the emittance-~wth equation

(E , 3a)l baned on the two mechamsms of charge
?red etribution and kinetic.ener

semiempirical quantitative model, ~Jn~i%%~geex#ri~
●ntal data are available, we will use numericul simulation
results ta determine the coefllcienm al and nl. C)ur
description is consistent with earlier work by Jamcson.
who conciuded that the kinetic. enerpy exchnn~e
mechanism was important for the RFQ,a4 Equation (4) hns
been of direct practical use because (1) it is allowin us tr,

Ydetermine immediately whether or not a choice o RF(4
design parametcm will result in n desired flnul emittnnru,
without numerical simulation computer runs; (2) it serves
as input for accelerator system studies, nllowin~ a

uantltative determination of the effects on emittnnrv {)f
5c anging arnm?ters; and (3) it is tivin

rf~
idance or how b roceed to improve k ‘s ‘ir”rtF(/ hcnm

ynnmics desi~n procc ures.
Equntion [4) predicts that the cmittnrwc i’lrr~*nw’s with

incrensin~ current limit and rf wnveiength nnri durrenwj~
with incrensed trnn~versc focusing gtren~tll (l:lr~er 11,)*1,



The H wavelen
P

dependence resulk fkom the fact that at
fixed current, e number of particles per bunch increases
in proportion ta L The lack of explicit de~ndence on
implies that at fixed-cument limit, tie emlthnce growt [
is independent of RFQ injection energy. The existence of a
minimum final ●mitbsnce at small input. emittance values
is a consequence of a transfer of field energy m kinetic
energy as the beam bunching increases the space-charge
force. The coeffltlenc uz in Eq. (4) 1s expecwu w be a

ntrong function of the bunchln
7’

Consequently, one
expecw hat when the fimt term o Eq. (4) is small (small
input emittance) compared ti the second, wesker
bunching forces may be necessary to avoid he growth of
emittance. Likewise, when the firsttermof Eq. (4) is Iar e
(large input emittance), stronger bunching forces may %e
tolerable, The RFQ design im rovemenw bnsed on tlhese

f W’e ~lan ta conductideas are currently being stu led.
further studies to follow the evolution o the Un and P
paremetem of the beam ta obtain more information about
the details of the emittence gTOW*& process.
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